1. Introduction. In the discussion of L* algebras given in [5] a classification theory was obtained for the separable simple algebras under the assumption of the existence of a Cartan decomposition relative to some Cartan subalgebra. The main result of this paper is a proof that any semi-simple L* algebra of arbitrary dimension has such a decomposition relative to any Cartan subalgebra.
In the process of proving this several additional results of interest in themselves are obtained, among them one concerning representations of finitedimensional semi-simple Lie algebras which seems to be new. This is stated in detail in the second corollary of 4.5. The conclusion obtained in 4.5 also adds a new result to the theory of commutators of operators on a Hubert space.
Continuous decompositions.
Definitions and notation. An L* algebra is defined as a Lie algebra L over the complex numbers whose underlying vector space is a Hubert space and such that for each x in L there exists an element x* with ([x, y] , z) = (y< [x*, z]) for all y and z. For an x in L, X (occasionally Dx) will denote the linear operator defined by Xy= [x, y] for all y and we will assume that the norm on L is chosen such that \\X\\ ^|[a;||. An L* algebra is semi-simple if and only if the mapping x-*X is one-one. For the remainder of this paper L will denote an arbitrary (but fixed) semi-simple L* algebra unless further restrictions are explicitly stated. As shown in [5] this implies the mapping x-*x* is a Hubert space conjugation and anti-multiplicative, Dx* is the adjoint of Dx, and that L is a direct sum of simple L* ideals. A Cartan subalgebra of L is defined as a maximal abelian self-adjoint subalgebra of L. For subsets M, N of L, Sp(A7) will represent the smallest closed linear subspace of L containing M and [M, N] =Sp { [mi, n]:mGM,nGN}.
For subspaces 5i, 52the notation 5i+52 will be used only when 5i is orthogonal to 52. Suppose A is a bounded self-adjoint operator on L. For X real and e>0 let F(X, e)={a::||(4-X)n^||g€n||x||,M=l, 2, • • • }. Fora Borel set If of the real numbers let V(M, e)=Sp{ F(X, e):\GM} and F(A7) = D.>o V(M, e). It is proved in [l, pp. 66-69] that F(X, e) is a closed subspace and equal to the set of x such that the sequence {(t~l(A -X))"*) is bounded. Furthermore, if £ is the real spectral measure such that A =f\dE then the range of E(M) is equal to V(M) lor M compact. this, a proof like that above can be constructed to prove the second assertion. Notation. Suppose X is a closed self-adjoint abelian subalgebra of L. Let ß= a(3C) be the commutative C* algebra of bounded operators generated by {77: hESC-}. Since each 77 is zero on 3C then the identity operator is not in ft. Let A=A(3C) be the set of all homomorphisms of ft into the complex numbers. For A E ft let A be the function on A defined by -4(a) =«(.4). If A is given the weakest topology making these functions continuous then A is a compact Hausdorff space and the theory of C* algebras shows that the mapping A-*A is an algebraic isomorphism mapping ft isometrically onto the set of all continuous functions on A vanishing at the zero homomorphism with A* corresponding to the complex conjugate of A. The set A with its topology will be called the spectrum of 3C. It is also known that the spectrum of an operator A E ft is the range of the function A.
2.2. For each aGA there is a unique xaEX such that a(H) = (h, xa) for all ÄG3C-Also ||xa|| á 1 and x* = xa. If {xa\ is given the induced weak topology of 3C then A is homeomorphic to {xa} under the mapping a->xa. [February Proof. All except the last statement were proved in [5] . The family {77: &G3C} separates points of A and all members vanish at infinity (zero).
By Theorem 5 G of [3] , the topology of A is that generated by the family.
But this is clearly equivalent to the weak topology on {xa}, finishing the proof.
There is a unique spectral measure E on the Borel sets of A such that (Ax, y) = J'Â(a)d(E(a)x, y) for all x, y in L. Also it is easily seen that the range of £ (0) Proof. Choose a set {xi-.iGl} of elements of 3C such that the set spans 3C and x? = Xi for each i. Let <n be the spectrum of Xi. Then ff< is compact so that P= YliVi is compact. For «GA let f(a) be the element of P whose tth coordinate is (xi, xa). Then/ is a homeomorphism of A onto a compact subset of P. If addition is defined in P (whenever possible) in the obvious coordinatewise fashion then / preserves the algebraic structure of A as well as the topology. The spectral measure £ can be defined directly on P (hence on /(A) and A) by constructing the product measure obtained from the £<'s where Xi=frt\dEi.
The measure-theoretic details will be omitted here but a discussion of this type of problem may be found in [2] .
A subset M of F will be called a rectangle if and only if M= IlA7¿ where
Mi is a Borel set of ffi and Mi = (Xi for all but a finite number of indices. Then the Borel sets of P will coincide with the <r-algebra generated by the rectangles. In fact, 3. Nilpotent elements.
3.1. There exists a nonzero element aEL such that (a, a*) =0 and A3 = 0.
Proof. Let x be a self-adjoint element of L with \\X\\ = 1 and let X=f\dE. If M is the real interval (2/3, l] and V is the range of E(M) then Fy¿0 and,
Thus a may be chosen as any element of V different from zero. Notation. For this section we choose a fixed a having the properties listed in 3.1 and let b = a*, c= [a, b] . Then C=C* and A3 = B3 = 0. This section is devoted to an analysis of the L* subalgebra generated by a, culminating in 3.8. This turns out to be a key result in the general existence proof for Cartan decompositions. 
For any x in L,
Proof. Since C= C*, (Cnx)*= (-l)nCnx* for any x. Thus (b) follows from (a) by using adjoints.
The first equation of (a) = -iAB-BA)A2iBA)"-1b= -ABA2iBA)n~1b= -A2iBA)"b, after using 3.2.
For the second, repeated application of 3.2 gives Cna= -iAB)n~lA2b
= iAB)"a.
Corollary. For all integers wïïO, (a) ACna = BCnb = 0, (b) ABC«a = C"+1a, BAC"b=-C"+1b, Proof, (a) It is clear that Sn = S% and hence S = S*. Since -45"C5"+i, 7^5»C5n+i, then 5 is invariant under A and B. Hence 5 is invariant under X lor any x in the L* subalgebra 5' generated by a, i.e., [5', 5] C5. But clearly 5C5'. Hence [5, 5] C5 and therefore S=S'. 
Similarly (Cmb, ACnb) = (Cmb, BCna) =0, completing the proof of (d).
3.6. Letting » range over the non-negative integers, let F0 = Sp { 52b+i}, Fi = Sp{C"a}, F2 = Sp{C»6}.
Proof, (a) It only remains to prove that Fi is orthogonal to V2. Now Proof. By using adjoints it is sufficient to prove CAOb = 0 for all w. Since C is self-adjoint it is sufficient to prove C2AOb = 0. Using the appropriate cases of the corollary of 3.4,
Cn+mb]for all w, m. Ob] + (-l)m+l [Ob, Cm+1a] which is zero by Corollary 1. Thus [A Ob, A Ob] =0 and, since F0 = Sp{^4C"o}, Fo is abelian. 3.8. Suppose 5 is a semi-simple L* algebra and 5= Vo+ Vi+ V2 with Fo as a Cartan subalgebra and that the relations of 3.6 hold. Then 5 is a direct sum of three-dimensional ideals 7,-where 7y = Sp{«y, e,*, [e¡, e*]} lor some nonzero e,G V\.
Proof. The decomposition theorem of [5 ] for semi-simple algebras shows that 5 can be written as the direct sum of simple ideals 7y where 7y = 77y+ [77y, 5] for some closed self-adjoint subspace 77y of Fo. We choose a fixed 7y and let Using (1) and (2) to eliminate the term BpDgA*A gives the conclusion. Proof. Let Q, be the commutative C* algebra generated by A A * and A* A.
For any homomorphism a of ft onto the complex numbers the value of a at A A* must satisfy the same polynomial relation as .4.4*, proving the first part. Because of the symmetry between A and A*, A*A must also satisfy a polynomial identity like that of 4.5. Since [A, A*] = AA* -A*A, a similar argument applies here.
Corollary.
Suppose L is a finite-dimensional semi-simple complex Lie algebra with X as a Cartan subalgebra and {ha, ea: a a root} is a Weyl basis of L relative to X. Let <r be the associated involution and x* = -o~ix) for all x in L. Suppose <b is a representation of L as bounded operators on a Hilbert space with <j>ix*) = <f>(x)* for all x. If [x, x*] =0 then x is contained in some Cartan subalgebra of the L* algebra L and this subalgebra is spanned by elements of the form [fß,fß] where fß is a root vector relative to it so that the arguments used in (a) and (b) can be used to prove <p(x) is diagonalizable.
A slightly improved version of 4.5 for a special case will be needed later and this is proved below. (x) is the closure of the range of B. Since B is completely continuous, the reference in [4] shows that X(x) must be separable. Then an induction on n proves that FB= [H(x), V"-i] and that each F" is separable so that M(x) is separable.
5.3. Suppose x is self-adjoint, nonzero, and orthogonal to 3C. Let L' be the L* algebra generated by 3C(x) + M(x). Then 3C(x) = X(~\L', U is regular, [3C'(x), 7/]=0, and (3C'(x), 7/)=0.
Proof. Since the orthogonal complement of 3C is invariant under 3C and contains x it also contains M(x) so that the indicated sum is actually direct. Since X(x) and M(x) are separable and self-adjoint it is possible to choose a countable (or finite) orthogonal basis of the space 3C(x)+M(x), say {e"}, such that each-e,, is self-adjoint. Then a proof like that for 3.5 (a) shows that V is spanned by products of the form £<,-•• £,te" and, since the set of these is countable, L' is separable. Proof. Let K be the 7,* subalgebra of L obtained by letting K = X+V where V is the span of all the nonzero root vectors of L relative to 3C. It is sufficient to prove K = L. Now K is invariant under X so that K', the orthog-onal complement of K in L, is also invariant. Furthermore, K'* = K' and if K' ¿¿0 there is a nonzero self-adjoint element xG7£'. Then M(x) EK'. Let L' be the L* subalgebra generated by 3C(x) + J7(x). By 5.3 L' is regular so that the hypothesis here implies L' has a Cartan decomposition with respect to 3C(x). Since M(x) is invariant under X(x) it will be spanned by root vectors of 3C(x) and hence there is a nonzero v in M(x) which is a common eigenvector for all 77, hEX(x). But if h'EX'(x) then 77't> = 0 so that it follows immediately that v is a common eigenvector for X. Since vE M(x) EK' this gives the desired contradiction.
Existence of Cartan decompositions.
Remark. It will be proved here that if L is simple and separable there is a Cartan subalgebra X oí L such that £ as a decomposition with respect to X. Hence L must be one of the five types A, A', 73, C, D obtained in [5] . Since each of these is a Lie subalgebra of an 77* algebra, Theorem 2 of [5] shows that L has a decomposition with respect to any Cartan subalgebra. From this it is clear that any separable semi-simple L* algebra has a decomposition with respect to any Cartan subalgebra. Finally, 5.4 shows that this is true with no restriction on the dimension of L.
6.1. Suppose a\, a2 are self-adjoint elements of L and A\A2 = 0. Then either ai = 0 or a2 = 0.
Proof. Since Ai is self-adjoint, A2AX is also zero. Let Ci be the null-space of A i and 7?,-the closure of the range of Ait i =1,2. Then L = C+7?iand both d and Ri are self-adjoint. Let 7i = Sp{7?i, [7?, Ri] 
